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1. INTRODUCTION 
Let G be a real finite-dimensional Lie group and 8 its Lie algebra. Given 
x E G, let T, G be the tangent space of G at x. For x, y E G, let I,.(x) = yx, 
r,(x)=xy, and X(X, y) =xy. Write 5 + ~5 (5 E T.,G) for the differential 
t -, dl,(x; 5) and, similarly, write 5 +x5 for the differential t + dr,.(x; 5). 
Letting a,(y) = xyx- ‘, denote by 5 + Ad x5 (5 E T,G = 8) the differential 
5 + du,(e; 5) =x(x-‘, where e stands for the neutral element of G and 
x5x -’ is to be interpreted as either (x5) x- ’ or x(5x- ‘). Given q E 6, 
designate by 5 + d Ad(x; r)r] the differential of the mapping 
G 3 x + Ad xv E 8 at x. Given 5, q E 8, let ad t(q) be the Lie bracket [t, q] 
of 5 and r]. Recall the following formulae: 
Wx, Y; t, v) = w  + 5~ (1.1) 
for each q E T.,G and each 5 E T,G; 
dAd(x; 5)~ =Ad x[x-‘c, rj] = [@‘, Ad xv] 
for each 5 E T,xG and each q E 6. 
(1.2) 
Let R be a strongly continuous representation of the group G in a 
Banach space F. Let 
E,=,??,(R)= {fEF: themappingG3x+R(x)EFisCk} 
(k=O, 1, 2 )...) a). 
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As is known, E, is dense in F = Eo, and, for each k and each x E G, 
R(x) Ek= E,. 
Given f~ E, , consider the equality 
R(x) R(y) R(x)-‘f= R(xyx-‘)f: (1.3) 
Differentiating both sides of (1.3) at e with respect to y, we obtain 
R(x) dR(e; 4) R(x)-‘f= dR(e; ,x&x ‘)f ([E 8). (1.4) 
Write T(<)f for dR(e; <)J T(t) is a linear operator with domain E,. The 
closure r(t) of T(r) is the generator of a one-parameter group 
U(t, t)= R(e’<). We can rewrite (1.4) as 
R(x) T(t) R(x)-‘f= T(Ad xi’1.f (fEEI). (1.5) 
Obviously, we have 
Suppose now f E El. Differentiating (1.5) at e with the use of Lemma 1.1 
(which will be presented shortly), we obtain 
). (1.7) 
The formulae ( 1.6) and (1.7) are the starting point for the 
DEFINITION. A representation of a Lie algebra 8 in a Banach space F 
is a pair (T, D) satisfying the conditions: 
(1) for each 5 E 8, T(r) is a linear operator in F; 
(2) D c 9( T(t) T(q)) for every 5, q in 8, and D is dense in F; 
(3) (1.6) and (1.7) hold for each f ED. 
Let G be a Lie group with Lie algebra 6. We say that the representation 
(T, D) is integrable if there exists a strongly continuous local representation 
R of G such that D c E,(R), and, for every .f E D, 
dR(e;is)f=T(Of: (1.8) 
The conditions sufficient for a Lie algebra representation to be integrable 
usually involve assumptions of one of three types: 
(1) assumptions on the one-parameter groups of operators 
exp(tT(cc)); 
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(2) assumptions on the resolvents (T(U) - A)-‘; 
(3) assumptions involving analytic vectors of T(a); 
here 0: runs over a Lie algebra generating subset of 8. 
Remarkable theorems with assumptions of types (1) and (2) have been 
given by Jorgensen and Moore in [S]. In this paper we prove the following 
theorem that involves assumptions of type (3). 
THEOREM 1.1. Let (T, D) be a representation of a Lie algebra 0 in a 
Banach space F, such that T(t)0 c D for each < E 6. Suppose that there 
exists a set S generating 6 such that 
(i) fo each a E S, T(a) is closable and T(u) is the generator of a one- 
parameter group of operators exp( tT(cr)); 
(ii) given c( E S, each f in D is an analytic vector for T(u). 
Then the representation (T, D) is integrable. 
In the case of a Lie algebra representation by skew-symmetric operators 
in a Hilbert space this theorem was proved by Simon [9]. Kisynski [7] 
showed the validity of the theorem for an arbitrary Banach space under the 
additional assumption that there exists a linear basis 5, ,..., 4,z of (fi such 
that T(ti) are closable. Theorem 1.1 as stated above was first established in 
the author’s preprint [S]. An independent proof based on a subtle theorem 
with assumptions of type (2) was given in Cl]. The proof we give here is 
elementary. It follows the scheme contained in [S], but the present 
argument is much shorter than the original one. Our approach to 
integration of finite-dimensional Lie algebra representations has some 
points in common with the method of Goodman and Wallach (cf. [2, 
Sect. 41) which is also applicable to some infinite-dimensional Lie algebras. 
For semisimple Lie groups, there exist quite different techniques, 
originating with Harish-Chandra (cf. [3,4]), for associating represen- 
tations of the group with representations of the Lie algebra. The most 
recent developments of these techniques, due to Casselman and Wallach, 
can be found in [ 111. 
The derivation of a Lie algebra representation from a Lie group 
representation, with which we began this section, proceeded in two steps: 
first differentiating (1.3) led to (1.5), and next differentiating (1.5) gave 
(1.7). The construction of a local Lie group representation from a Lie 
algebra representation will also proceed in two steps: the local represen- 
tation will be the result of integration of (1.5), and (1.5) will in turn be 
obtained by integrating (1.6) and (1.7). 
We conclude this introductory section by establishing an auxiliary result 
which will be repeatedly used. 
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LEMMA 1.1. Let E and F be Banach spaces, D a dense linear subspace of 
E. Let A4 and N be finite-dimensional manifolds. Let J be a function from N 
into D, and V a function from M into the Banach space B(E, F) of all con- 
tinuous linear operators from E into F. Assume that 
J is differentiable as a mapping from N into E; (1.9) 
for each f E D, the mapping M3 x + V(x)f E F is differentiable; (1.10) 
V is locally bounded. (1.11) 
Then the mapping MxN3(x, y)-+ W(x, y)=: V(x) J(~)EF is dzyfkren- 
tiahle and 
dWx, Y; t-9 9) = dJ’(x; 5) J(Y) + V(x) dJ(,v; ~1. 
Prooj: Without loss of generality we may assume that M= R” and 
N = R”. We must show that lim ,,J _ o I,,., = 0, where 
zLA = ItI + ISI -!-- { V(x+ t) J(y+s)- V(x) J(y) 
- dV(x; t) J(y) - V(x) dJ( y; 4). 
We have 
z,,.y = V(x + t) J(y+s)-J(y)-dJ(y;s) 
I4 + I4 
dJ( y; $1 
+ i V(s + t) - V(x)) Itl+lsl 
+V(x+t)J(~)-V(x)J(?,)-dV(x;t)J(y) 
I4 + I4 
The first summand converges to zero by ( 1.9) and ( 1.1 1 ), the third by 
(1.10). To show that the second summand tends to zero, let e, be a 
Euclidean basis in R”; then 
dJ(y; 3) 
(V(x+t)- V(x)) Itl + IsI 
d f, Iai( II( V(x + t) - V(s)) dJ(y; e,)ll, 
where s/Is1 = Cr=, a,(s) e;. In view of (l.lO), (1.1 l), and the denseness of D 
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in E, V is strongly continuous. This together with the fact that, for each i, 
lai(s)l 6 1 shows that the expression in the right-hand side tends to zero as 
t, s + 0. The proof is complete. 1 
2. INTEGRATION OF EQUALITY ( 1.5) 
In this section we shall prove two basic theorems. These in one form or 
another enter into each known scheme of integration of Lie algebra 
representations. We start with the following 
THEOREM 2.1. Let F be a Banach space, and E a dense linear subspace of 
F. Let G be a Lie group and 6 its Lie algebra. For each t; E 6, let T(c) be an 
operator with domain E. Assume that 
aT(S)f+bT(n)f=T(a5+bv])fforeachfEE,eacha,bER,and 
each 5, n E 6; (2.1) 
there exists a set S generating of 6 such that the operators T(a) 
(a E S) are the generators of one-parameter strongly continuous 
groups U( t, ~1); (2.2) 
U(t, a)Ec E for each tl E S and each t E R; (2.3) 
U(t, a) T(r) U( - t, a) f = T(Ad e’“5) f for each a ES, each 5 E 6, 
each f E E, and each t E R. (2.4) 
Then there is a strongly continuous local representation R of G such that, for 
each f E E, and each 5 E 6, 
We; Of = T(5)f: (2.5) 
Proof We shall divide the proof into several steps. The algebraic 
scheme will be similar to that of [lo]. 
Step 1. We shall say that a submanifold M of G containing e is 
E-integrable if there exists a mapping from M into the group GL(F) of all 
bounded linear isomorphisms of F, satisfying the following conditions: 
R(e) = Z; (2.6) 
R(x)E= E for each x E M; (2.7) 
x + IIR(x)ll (x E M) is locally bounded; (2.8) 
R(x) T(5) R(x)-‘f= T(Ad &If for each f E E, each x E M, 
and each < E 8; (2.9) 
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for each f E E, the mapping M 3 x + R(x) f E F is differentiable 
and dR(x; of= T(<x-')R(x)f: (2.10) 
Step 2. Let M and N be two E-integrable submanifolds of G containing 
e, and suppose that the mapping rc: Mx N -+ G is regular at (e, e), i.e., 
dim Wx, Y; T,,,,, M x N) is constant in a neighbourhood of (e, e). Then 
n(M x N) (which will be henceforth denoted as A4. N) is, locally at e, an 
E-integrable submanifold of G. 
In fact, let R and S be the mappings satisfying (2.6~(2.10) for M and 
N, respectively. Given f E E, define a mapping H: M x N -+ F as 
H(x, y)= R(x) S(y)f: Then, by Lemma 1.1, (2.7) (2.8) and (2.10), 
differentiating H we obtain 
dff(x, Y; 5, rl) = Wx; 5) StyIf+ R(x) WY; rl1.f 
= T(C-') R(x) s(v)f+ R(x) VW') S(y)f 
=T((5y+x~)y-]x~')R(x)S(y)f 
= T(dG, Y; <, q)(xyl ~-I) H(x, y). 
In particular, we see that if &c(x, y; 5, q) = 0, then dH(x, y; 5, q) = 0. Thus, 
by the rank theorem, locally on M. N, we can define W(xy) f as H(x, y). 
The above calculation shows that (2.9) and (2.10) hold for W. Hence W is 
a mapping satisfying, locally at e, (2.6)-(2.10) for M. N. 
Step 3. Let A4 be an E-integrable submanifold of G containing e and R 
be the corresponding mapping satisfying (2.6)-(2.10). It is easily verified 
that for each x E M, xMxP ’ is an E-integrable submanifold. Indeed, the 
mapping y+ R(x) R(y) R(x)-’ (YEM) satisfies (2.6)-(2.10) for xMx~‘. 
Step 4. Let M be an E-integrable submanifold of maximal dimension, 
and let N be any E-integrable submanifold. Then T, N is contained in T, M. 
In fact, if we assume the contrary, then there is a one-dimensional 
submanifold P of N such that e E P and T, P n T, M = {O}. So, by Step 2, 
P. M is locally an E-integrable submanifold of G such that 
dim M. P = dim M + 1, which is a contradiction. 
Step 5. Let M be as in Step 4. Then T,M is a subalgebra of 8. In fact, 
Steps 3 and 4 show that T,(xMx ‘) = x( T, M) xP ’ is contained in T,M, 
i.e., for each 5 E T, M and each x E M, x(,x- ’ = Ad x5 belongs to T,M. 
Consequently, for any rl E T,M, d Ad(e; q)r = [q, 51 is also in T,M. 
whence T,M is a subalgebra of 8. 
Step 6. By assumption, all the one-dimensional submanifolds era (c( E S) 
are E-integrable. Thus S is in T,M. Since S is a set-generating 8 then, by 
Step 5, T,M coincides with 8 and M is a neighbourhood of e in G. 
580:74/l-2 
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Step 7. Let R be a mapping satisfying (2.6)-(2.10) corresponding to M. 
Since M is a neighbourhood of e in G, the mapping rr: M x M --) G is 
regular in (e, e). Thus, by Step 2, we have R(xy) = R(x) R(y) for x, y in 
some neighbourhood of e. Hence R is a local representation of G. The 
proof is complete. 1 
As a corollary to Theorem 2.1 we have 
THEOREM 2.2 (Kisynski ES]). Let (T, D) be a representation of a Lie 
algebra 8 in a Banach space F such that T( 5) D c D for each r E 8. Assume 
that there exists a set S generating (fi such that 
for each a ES, T(a) are closable and T(a) generates a one- 
parameter group of operators iJ(t, a); (2.11) 
U(t, a)D c D for each t E R and each a E S; (2.12) 
U(t, a) T(t) U( - t, a) f = T(Ad e’=r) f for each t E R, each 
fED, andeach a,g~S. (2.13) 
Then the representation (T, D) is integrable. 
Proof It suffices to show that condition (2.4) is satisfied for everyfe D. 
Note that each side of (2.4) defines a representation of 8 with domain D 
(for fixed a E S). By (2.13), these representations coincide on S. Since S 
generates Q, they coincide everywhere. The proof is complete. 1 
3. PROOF OF THEOREM 1.1. 
Let [r ,..., t, be a fixed basis of 8. Equip (ti with the norm 
151 = sup Ici(t)l, 
l<iSn 
where l= x7=, ci({) ti. Without loss of generality we may assume that S is 
finite, that Ial < 1 for each a ES, and that the operators ad a: 0 -+ 8 have 
norms not greater than 1, which implies that for each t E 8, each m E N, 
and each a E S, 
Ici((ad a)‘Y)l i I4 (i= 1, 2 ,..., n). 
Let E, be the closure of D in the norm 
llflly=Ilfllq-I+ 1 IIWWll,-I (q = 1, 2,...); 
UfS 
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here )I /I0 is the norm in the space F. Note that F= E,. Then, by the 
closability of T(U), we have 
E ,+,cE,c&=F (q = 1, 2,...). 
We start with the following 
LEMMA 3.1. There are k E N and M > 0 such that, for each 5 E 6, each 
feD, andeach qEN, 
IIT(5)fI,~W51 llfll,+/c~ (3.1) 
Proof: Let S, be the linear space spanned on S, and let 
s p+ I = S,,@ [S,, S,] (p= 1, 2,...). Since S is a set generating 8, there is 
k E N such that S, = 6. We shall show that, for each c( E S, and for each 
q = 0, l,..., 
IIwfll,~~,l4 ll.fll,+, (3.2) 
with some constant M,. 
Notice that it is sufficient to show that (3.2) holds for CL’S forming a basis 
of S,. For p = 1, the result follows from the definition of the norms II Ily. 
Proceeding by induction on p, suppose the validity of the result for some p. 
Let CI be an element of a basis of S,, , . We may assume that c( = /I + [y, S], 
where b, y E S,, and 6 E S, By the inductive hypothesis and the fact that 
Ilf II y+p+l 2 Ilf IIy+p2 we have 
ll~(~)fll,~ IIWk,+ IIT T(S)fll,+ llT(W T(Y)fll, 
6 MplBl Ilf Ilytp +M,lyl IIT(~)fll,+,+M,l~l IIT(y)fllq+i 
O&M+1)(IBI+2l~l I~I)llfIl~+p+~ 
Thus we obtain (3.2) for p + 1 and, further, taking M to be Mk, we get 
(3.1). The proof of the lemma is complete. 1 
Proceeding to the proof of Theorem 1.1, we extend by continuity (as we 
may by Lemma 3.1) the operators T(4) to the operators f(t) from Ek to F. 
Notice that each f(t) is continuous as an operator from E, +k into E, 
(q = 0, l,...,) and 
aO’(5)f + bOv)f = f(at: + hrl)f 
for each f E Ek and a, b E R; 
m %)f - m T(C3f = m, rll)f 
for each f E E,,, 
(3.3) 
(3.4) 
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IIf~‘(5)fll,Qw51 Ilfllq+k 
for each f e E,,,. (3.5) 
Let E=fl;=,, E,. Then (F, E) is a representation of the Lie algebra Q 
such that T(<)E c E for each 5 E 8. We shall show that the representation 
(F, E) satisfies the assumptions of Theorem 2.2. The condition (2.11) is 
fulfilled in an obvious manner so it remains to show that (2.12) and (2.13) 
hold. Fix a E S and write U(t) for exp( t( T(a))). Given f E D, q E N, and 
t E R, let (a), (b), and (c) denote the following conditions: 
(a) the series C,“=, IlT(~r)~f \l,(P/p!) is absolutely convergent; 
(b) U(t)f E E, (obviously (a) implies (b)); 
(c) I?(/?) U(t)f = U(t) T(Ad e-‘“j?)f for each /? in S. 
We consider (a) and (b) for q=O, l,..., and (c) for q2 1. 
First we shall show that, for each f E D and each q E N, there is a positive 
number s,(f) such that, for ItI < s&f ), conditions (a), (b), and (c) (for 
q > 1 ), hold. We shall prove it by induction on q. 
Let so(f) be the radius of convergence of the series 
CPm_O IIT(a)“f Il(t%!). By assumption (ii), so(f) >O and (a) holds when 
q = 0 for (t( <s&f ). 
Define s,, ,(f) by induction as 
One can easily notice that, for each f, gE D, and each a, b E R, 
~,(~f+bgDmGc,(f)~ s,(g)). S ince 5, ,..., 5, is a basis of 6, we can thus 
write 
whence if (t( <s,+,(f) then, for each 5~65, we have (t( <s,(T(c)f). 
Suppose that for some q, (a) (and (b)) hold for each f E D whenever 
ItI <s,(f). Suppose I4 <s,+~ (f ). We shall show that (a) holds for q + 1. 
To this end, we shall apply the well known formula 
T(t) T(a)“f = 2 ( - 1)” (r) T(aYPT((ad a)“OS, (3.6) 
p=o 
which is easily proved by induction on m. 
By the definition of the norm 11 Ily, it is sufficient to show that, for each 
/? E S, the series 
L =: 5 !f!I IIT(/?) T(a)pf iI4 
p=o P! 
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is convergent. By (3.4), L is majorized by the series 
- II T(a)P-JT(ad a)j8)fll, 
T(aY- f J( d )‘lI) T(4il.f 
,2 a a 
where-let us recall- c,(r) are the coefftcients of i” with respect to the basis 
5 ,,..., 5,. Recall also that I/3\ < 1 and lad al < 1, whence Icj((ad ol)‘b)I d 1. 
Putting u = p - j, for each 1~ i $ n, we have 
X’ P P ItIP 
;o;o( 1 j p! II T(aY’cA(ad a)‘B) T(ti)Sllq 
G,;o;os(“:q ll~(~Y~(S;)fll, 
Since /tl < sy+ ,(f), it follows that ItI < sy( T(t,)f) and hence, by the induc- 
tive hypothesis, the above series is absolutely convergent. 
Now we shall prove that condition (c) is fulfilled for ItI <s,(f). Let 
/II ES. Since the series L is absolutely convergent (take q = 0), we may per- 
mute arbitrarily its terms, and so 
In the last equality we used the Taylor expansion of the mapping 
R3t-+AdeprZflE6. 
Now we shall show 
LEMMA 3.2. Zf 1 t( <s,(f), then for each t E 6, 
(d) f(t) U(t)f= U(t) T(Ad ep’E5)J 
Proof. Letting S, = lin S,..., S, + I = S,@ [S,, S,], we proceed by induc- 
tion on p. 
Suppose that, for (rl <s,(f), (d) holds for t in S,. Let u E S,, I and let 
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ItI < sP+ ,(f). It is sufficient to show the validity of (d) for q = [y, 61, where 
y E S, and 6 ES,. Noting that ItJ < sP+ ,(f) < s,(f) d s,(f), we have 
m U(t)S= m m Vt)f- m flcr) Vt)f 
= T((y) U(t) T(Ad e-‘“6)f- T(cS) U(t)(Ad e-‘“y)f: 
Now, since (tl < sP( T(t)f) for each C E 8, by the inductive hypothesis we 
obtain (d) for p + 1, which finishes the inductive step and the proof of the 
lemma. 1 
Now we shall prove that one can replace the vector f in conditions (a), 
(b), and (c) by the vector T(a)mffor each m E N. For this purpose, it is suf- 
ficient to show 
LEMMA 3.3. For each m E N, each q E N, and each f E D, 
s,(f) 6 sy( T(a)‘73 (3.7) 
ProojI When q = 0, sO( T(a)“f) is the radius of convergence of the series 
which is independent of m (m = 0, l,...); thus lemma holds for q = 0. 
Suppose that for some q, (3.7) holds for any me N and any f~ D. We 
have 
s,+ 07 = minb,(f), $ ~~(T(4)f)). 
So all that we need to show is that sy( T(5) T(a)“f) 2 sy+ I(f) for each 
5 E 8 and each m E N. Since s,(af + 6g) z min(s,(f), sy( g)) for any f, g E D 
and any a, b E R, the inductive hypothesis and (3.6) imply that 
sq( T(r) T(a)“f) 2 min sJT(a)“-‘T((ad a)‘<)f) 
j = O,...,m 
Thus the lemma is proved. 1 
Now we shall show that conditions (b) and (c) hold for each q E N, and 
each t E R. 
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Let sy”(f) be the maximal number (possibly = +co) such that 
ItJ < s;““(f) implies, for each m EN, 
(b’) U(t) TUREEN (q=O, l,...), 
and 
(c’) F(‘(B) U(t) T(a)“f = U(t) T(Ad ePtUfi) r(cr)“f for each lj~S 
(4 2 1). 
First we prove the following. 
LEMMA 3.4. Zf q EN is such that, for each f E D, sTaX( f) = + co, then ,for 
each t E R, U(t) is a continuous operator from Eyk into E,. 
ProoJ For q = 0, the assertion is equivalent to the fact that 
U(t) E B(F, F). 
Suppose now that the lemma is true for some q. Assume s;y,( f) = + oc 
for each f in D. Then, obviously, srx (f) = +cc for each ,f E D and hence, 
by the inductive hypothesis, 
In view of (3.5) we have the estimates 
IIwm/+, =~uPlIm W)fll,+ IIW)fll, 
13 E s 
=SUP IIUt) T(Ade-‘“B)flI,+ II~(~)fll, 
DES 
<KIlTtAd e-‘“B)fllqk+K,Ilf Ilyk 
dK,(IAde-‘“PI + l)llfll,k+k 
Thus the lemma is proved. 1 
Now we shall show that syax( f) = +co for each f E D and each q E N. 
We shall proceed by induction on q. 
Suppose that s,“““(f) = + cc for each f E D (if q = 0 the assertion is 
obvious). Let ItI -~.$‘~~(f) and IsI <s,,+,(f). We shall show that (b’) and 
(c’) hold for t + s. First we establish (b’) with q replaced by q + 1. For each 
positive integer JV, set 
Since U(t) T(a)“f is an analytic vector for the operator 7’(a) with the same 
22 JAN RUSINEK 
radius of convergence as the radius of convergence corresponding to f, we 
obtain 
u(t+S) T(cr)"f = U(s) V(t) T(a)“f= lim g,. 
N+m 
We show now that the sequence (gN) consisting, in view of (b’), of 
elements of E, + I converges in E, + , . To this end, we show that, for each 
/I E S, &I) g, converges in E,. Using (c’), we have 
mwf$ m C'(t) T(~lrnfPf 
=pgo$ U(t) T(Ad e-“P) T(cr)mfPf 
= U(t) T(Ad e-‘*P) h,, 
where h,=C,N_O (s%!) T(cc)~+~$ 
Since I.4 <s,,+df) <sqk+k(T(a)P+mf), it follows that (a) holds with 
qk + k and with T(cr)“f, and consequently h, converges in the space E,, + k 
to U(s) T(cr)“f: By Lemma 3.1, F(t) belongs to B(E,+, , E,), so by the 
inductive hypothesis and Lemma 3.4, U(t) is in B(E,,, Ey). Consequently, 
Q/3) g, converges in E, to 
U(t) ?(Ad e-‘“P) U(s) T(cr)“J: 
Thus we proved that for t + s (b’) holds with q + 1 and 
f(P) U(t + s) T(a)"f = U(t) F(Ad eer”fl) U(s) T(a)“f (3.8) 
Now we prove (c’) for t + s and q 2 1 by using Lemma 3.2. Since 
ISI -= Sgk + k(f) <s,(f)<~~(T(~l)~f), we have 
p(Ad e-lzj?) U(s) T(ct)“f = U(s) T(Ad e-““(Ad Ed-“/I)) T(cr)“f, 
whence we obtain (c’) for t + s. It follows that s;?,(f) 2 s;y,(f) + 
sgk + k(f)y and so s:YICf) = + co. Taking m = 0, we get for each t E R, 
u(t)fEE,,; (3.9) 
f(‘(8) U(t)f= U(t) T(Ad e-laj?)f for each f E D and each p E S. (3.10) 
Since U(t) is a continuous operator from Eyk into E,, (3.10) holds for each 
f~ E, (in particular, for each f~ E) and U(t) E = E. This means that 
conditions (2.12) and (2.13) are fulfilled. 
INTEGRABILITY OF LIE ALGEBRA REPRESENTATIONS 23 
We see that representation (f, E) is integrable. Since the local Lie group 
representation generated by (T, D) is the same as that generated by ( f, E), 
the representation (T, D) is integrable. The proof is complete. 1 
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